Systems of solitary-waves in the 1D Gross-Pitaevskii equation, which models a trapped atomic Bose-Einstein condensate, are investigated theoretically. To analyse the soliton-like nature of these solitary-waves, a particle analogy for the solitary-waves is formulated. Exact soliton solutions exist in the absence of an external trapping potential, which behave in a particle-like manner, and we find the particle analogy we employ to be a good model also when a harmonic trapping potential is present. In the case of two solitons, the particle model is integrable, and the dynamics are completely regular. The extension to three particles supports chaotic regimes. The agreement between the particle model and the wave dynamics remains good even in chaotic regimes. In the case of a system of two solitary waves of equal norm, the solitons are shown to retain their phase difference for repeated collisions. This implies that soliton-like regimes may be found in 3D geometries where solitary waves can be made to repeatedly collide out of phase, stabilising the condensate against collapse.
I. INTRODUCTION
Solitary-waves may be found in solutions to nonlinear wave equations where the nonlinearity counteracts the dispersion of a wave-packet such that it retains its form as it propagates. Solitons are solitary-waves that emerge unscathed from collisions with each other, up to shifts in position and phase; this behaviour is reminiscent of particle behaviour, motivating the particle-like name soliton. This distinction is an important one, although in practice the names soliton and solitary-wave are commonly interchanged. "Classic" solitons, in this sense, are to be found in integrable nonlinear wave-equations, such as the Korteweg-de Vries equation, the sine-Gordon equation, and the one-dimensional nonlinear Schrödinger equation. The solitons' ability to re-emerge after collisions is due to the fact that their dynamics are strongly constrained by conservation laws associated with the wave-equations' integrability [1] .
Solitons and solitary-waves are topics of keen interest in the atomic Bose-Einstein condensate (BEC) community. This is because low-temperature BEC dynamics are frequently described to a good approximation by the Gross-Pitaevskii equation (GPE) [2, 3, 4] , a 3D nonlinear wave equation. For regimes where the atoms are confined in the radial direction by a tight trapping potential, the 3D GPE reduces approximately to a 1D equation (the so-called 1D GPE). The homogeneous 1D GPE is simply the 1D nonlinear Schrödinger equation, which can be solved by the inverse scattering transform, and yields bright soliton solutions when the nonlinearity is attractive [1, 5] . At sufficiently low temperatures the interatomic scattering can be largely described through a single parameter, the s-wave scattering length. In this context, an attractive nonlinearity arises from a negative s-wave scattering length, which may be intrinsic, or which may be induced by exploiting a Feshbach resonance to tune the inter-atomic interactions [6, 7] . As well as describing BEC under tight transverse confinement, the 1D nonlinear Schrödinger equation is also used to describe nonlinear optical systems [8, 9] . These systems provide a useful analogue of BEC under tight transverse confinement, and we will frequently refer to work on nonlinear optics in this paper.
Experiments involving BECs composed of attractively interacting atoms have been performed in 1D geometries, resulting in the observation of single [10] and multiple bright solitary-waves [11, 12, 13] . In the experiments with multiple solitary-waves, the BEC was trapped in the axial direction by a (relatively weak) harmonic confining potential in addition to the radial confinement. The addition of an axial harmonic potential acts to break the integrability of the 1D GPE, meaning that we no longer have exact soliton solutions. In the experiment by Strecker et al. [12, 13] , classic soliton-like behaviour (where the solitary-waves collide and reform up to shifts in phase and position) was not observed, but rather, trains of solitary-waves which are continuously repelled by each other. The dynamics of solitary-wave trains both in BEC and nonlinear optics have been the topic of extensive modeling using a variational method [14] , numerical simulations [15, 16, 17, 18, 19, 20] , a Toda lattice approach, [21] , a particle model [22] (quite distinct to that presented in this paper), analysis using the inverse-scattering transform [23] and by using a perturbation approach [24, 25, 26] . These treatments model regimes where the solitary-waves are never well separated, where it has been found that the solitary-waves do not collide with each other and re-form, but interact with each other by attractive and repulsive forces, depending on their relative phase. Motivated by the observation of such soliton trains, a "soliton laser" has been proposed [27] . A review article on BEC solitons addresses some of this work in more detail [28] .
As opposed to solitary-wave trains, we investigate whether classic soliton-like behaviour, i.e., colliding and reforming of distinct, localized wave packets up to shifts in phase and position, is possible in the 1D GPE with a harmonic potential. In a previous work [29] we found regimes where such behaviour is quite pronounced. This behaviour was also seen in work done in similar nonlinear optical settings [30, 31, 32, 33] . In this paper we further our investigation into soliton-like behaviour; in particular we explore the bounds within which the solitarywaves can still be expected to behave as solitons. To this end, we use a particle model introduced in our previous work [29] , adapted from a model developed for use in nonlinear optics [30, 31, 32] . We show that soliton-like behaviour is possible in the 1D GPE with a harmonic potential, provided that the solitary-waves collide with large enough relative velocity such that the collisions occur during a short timescale compared with the period of the axial trapping potential. This type of behaviour has recently been experimentally observed [11] , and provides an exciting prospect for future experiments to probe the dynamics in more detail.
In the case of three solitons, we find regimes of regular and chaotic dynamics. In particular, chaotic solutions to the GPE are expected to coincide with more rapid condensate depletion than in otherwise similar regular solutions [34] ; indeed this has been seen in theoretical studies of several systems [35, 36, 37, 38, 39] . This provides an additional motivation to identify regimes of regular and chaotic soliton dynamics in the GPE.
In more realistic models for BECs, the integrability of the nonlinear wave equation is also broken by residual 3D effects. These effects cause the soliton collisions to be inelastic; specifically, there is particle exchange between the solitons accompanied by changes in their outgoing velocities [40] . A reduction from 3D to non-integrable 1D equations [41, 42] , more sophisticated than the 1D GPE, confirms this result [43] . This type of behaviour is common in other non-integrable Schrödinger-type equations: [44, 45, 46, 47] . Bose-Einstein condensates with attractive interatomic interactions are prone to collapse if the particle density becomes too high [11] . Fully 3D GPE simulations show that in-phase collisions between solitons, during which the particle density becomes large, can cause collapse of the condensate, [11, 40, 48] . In this paper, as well as identifying regimes in which soliton-like behaviour can still occur despite the mild breaking of integrability by the harmonic potential, we also briefly discuss regimes where solitons are expected to survive 3D integrability breaking.
The layout of the paper is as follows: in section II we introduce the model equations and reiterate the soliton solution to the homogeneous 1D GPE; in section III we identify one, two and three solitary-wave solutions to the 1D GPE with a harmonic potential and introduce a particle model to test their soliton nature; in section IV we present our conclusions.
II. BACKGROUND
A. Model system
Quantum field
In the case of an atomic Bose gas, the dynamics of the system may be described, in the Heisenberg picture, by the timeevolution of the bosonic field operatorΨ(r). At the temperatures typically encountered in atomic BEC experiments (nK), for sufficiently dilute Bose gases, atomic interactions are dominated by low energy two-body collisions. In this case, the atom-atom interactions are characterised by one parameter: the s-wave scattering length, a. Moreover, we may generally replace the true interaction potential by an effective contact interaction, subject to an appropriate renormalization procedure [49, 50, 51] . Hence, we let V int (r, r ′ ) = g 3D δ(r − r ′ ) where
2 a/m and m is the particle mass of the species. Depending on the species, a may be positive or negative, corresponding to an effective repulsive or attractive interaction. By exploiting a Feshbach resonance, it may also be tuned using an external magnetic field [6, 7] .
The many-body Hamiltonian for the system in secondquantized form is then given by:
where
is the Hamiltonian for a single particle in the external trapping potential. If Bose-Einstein condensation has occurred, we may define the condensate mode as the eigenfunction Ψ(r) of the single-body density matrix ρ(r, r ′ ) = Ψ † (r ′ )Ψ(r) with the largest eigenvalue [52, 53, 54] . We are then free to partition the field operator into condensate and non-condensate parts [53, 54, 55] 
whereâ annihilates a particle in mode Ψ(r), and δΨ(r) is the field operator for modes orthogonal to the condensate.
3D classical field
In the case of a trapped, almost fully Bose-condensed dilute atomic gas, the dynamics of the condensate mode Ψ(r) are largely governed by the following GPE [53, 54] :
where N is the total number of particles in the condensate and Ψ(r) is normalised to one. We now consider a cylindrically symmetric (cigar-shaped) harmonic trapping potential:
where ω x ≪ ω r . We also explicitly assume a < 0 (attractive inter-particle interactions), and determine that Eq. (4) reduces to the following 1D equation (see appendix A for a derivation):
where x is measured in units of 2 /m|g 1D |N and t in units of 3 /m|g 1D | 2 N 2 , with g 1D = 2 ω r a and ω equal to the axial frequency ω x in our units of inverse time (m|g 1D | 2 N 2 / 3 ).
Linear instability and chaos
It can be shown that linear instabilities in the GPE directly imply, in both Bogoliubov [56] and equivalent numberconserving linearised approaches [53] , that the population of the non-condensate component may rapidly become significant. For this reason we expect regimes where the GPE dynamics are chaotic to coincide with rapid depletion of the condensate. The GPE is a norm-conserving equation, so the depletion will not show up in the GPE dynamics; however, we may use chaos in GPE dynamics as an indicator of depletion of the condensate mode in a realistic system. This motivates the identification of chaotic trajectories in the GPE dynamics, as we discussed in the introduction (Sec. I).
B. Soliton solution to homogeneous GPE
In the case of no axial potential [equivalent to setting ω = 0 in Eq. (6)], it is possible to find exact solutions of Eq. (6) [5] . A straightforward interpretation is in terms of a scattering problem [1] ; in the limit t → −∞, the solutions take the form of an arbitrary number of well separated (incoming) solitons:
Here q j = v j t+ x 0 j is the position of the peak of the jth soliton; x 0 j is the peak position at t = 0; α 0 j − v j x 0 j is the phase for a single soliton (i.e., in the absence of collisions with other solitons) at x = 0, t = 0; v j is the soliton velocity and η j gives the relative size of the soliton. Our normalisation condition implies The solitons come together and collide, during which time the form of the solution is complicated and solitons are not individually defined. However, as t → ∞, the outgoing solitons re-emerge from the collisions unscathed, taking the same asymptotic form [Eq. (7)], up to shifts in position and phase: q j → q j + δx j and α 0 j → α 0 j + δφ j , where the position shift δx j and phase-shift δφ j of the jth soliton are given by [1, 5] :
The positive sign applies if the soliton is on the left prior to the collision with the kth soliton (v j > v k ), otherwise the negative sign applies. Note that these shifts are dependent on the solitons' initial speeds v j , and effective masses η j only, not on their relative phase.
III. SOLITON DYNAMICS WITH A HARMONIC EXTERNAL POTENTIAL

A. Single soliton
As shown in appendix B, for any solution to the 1D harmonic GPE, there exist other solutions with the same density profile, undergoing arbitrary amplitude harmonic oscillations at the trap frequency. In particular, for any stationary solution, there exist corresponding solutions with the same density profile, which oscillate with the trap frequency but remain otherwise unchanged. Hence, a single bright soliton in a harmonic trap experiences an overall simple harmonic motion without any manifestation of internal dynamics in the soliton's density profile. The density profile and phase behaviour of a single soliton can be found by first considering the form of a stationary soliton, and then inferring the behaviour of the oscillating version. The stationary soliton will be a solution to the eigenvalue problem:
and will have the form:
is a real valued function and the real-valued number S (0) is an initial phase. We expect the single stationary soliton solution to be the metastable "ground" state of the system [57, 58, 59] , which may be determined numerically, for example by propagating Eq. (6) in imaginary time [60, 61] . The numerically determined density u(x) 2 for a parameter regime consistent with the 7 Li experiments of Strecker et al. is shown in figure 1 , and is compared to a bright soliton solution of the homogeneous 1D GPE, and to the ground state of the 1D linear Schrödinger equation with harmonic potential. As expected, the solution of the 1D GPE with a harmonic potential is spatially slightly compressed compared to the bright soliton solution of the homogeneous GPE. These two solutions, however, are quite similar (and can be made more similar as ω is progressively reduced), and are quite distinct from the Gaussian solution produced by the linear Schrödinger equation. We will exploit this similarity later in the paper.
As shown by the treatment in appendix B, an oscillating soliton solution takes the form: (10) where x(t) = x 0 cos(ωt) + (p 0 /ω) sin(ωt) is the position expectation value of the atomic ensemble, p(t) = p 0 cos(ωt) − ωx 0 sin(ωt) is the momentum expectation value, i.e.,
and
p 0 and x 0 are the initial position and momentum expectation values, respectively, and
(13) Removing the nonlinearity reproduces the result for a coherent state. When the nonlinearity is present, however, the stationary eigenvalue, µ, is dependent on the norm of the soliton, unlike the case of the linear Schrödinger equation.
B. Two solitons
Overview
In this section, we present a simple model of multiple trapped solitons, treating each of the solitons as a classical particle. We explore the case of two harmonically trapped solitons, and present results comparing the trajectories in the particle model with simulations of the wave dynamics in the GPE. These results allow us to determine the range of initial conditions for which the particle model is a good description of the system.
Particle model
Recall from Sec. II that, in a homogeneous system, the trajectories of solitons emerging from collisions with each other are independent of the relative phase of the incoming solitons. The only effect of the relative phase of the solitons is on the form of the wavefunction (peak or trough) during the collision. This is illustrated in figure 2 . The phase-independence of the solitons' incoming and outgoing trajectories allows a model to be formulated that treats the solitons as classical particles, each with only the positional degree of freedom (rather than position and phase degrees of freedom used, for example, in [22] ). This model was introduced by Scharf and Bishop in the context of nonlinear optics [30, 31, 32] , which we have adapted for the purpose of modeling a quasi-1D harmonically trapped BEC [29] .
To construct the particle model, we first consider the homogeneous solution before introducing the effects of the harmonic trap. Following the approach in [62] , one can derive an effective inter-soliton potential (see appendix D):
which treats the solitons as particles of position q j and effective mass η j , the parameters used to describe the bright soliton solutions of Eq. (7). This potential reproduces the asymptotic position shifts [Eq. (8)] in the homogeneous GPE for the outgoing particle trajectories, i.e., the position shifts as the solitons become infinitely far apart. It yields accurate results when 2|η 1 − η 2 | ≪ |v 1 − v 2 |, where v 1 and v 2 are the soliton velocities, and which gives a lower limit for the relative velocity for which the particle model is applicable. Figure 2 shows the particle trajectories predicted by our model interaction potential [Eq. 14] superimposed on the density profile dynamics predicted by solution of the homogeneous 1D GPE. When modelling BEC dynamics, an upper limit to the solitons' relative velocity is also imposed, because the contact-interaction potential between atoms, used to derive the GPE, assumes low energy inter-atomic collisions, and may not be applicable to condensates with high relative approach speeds [63] . Fortunately, recent experiments [11, 13] show that solitons are generated with similar sizes, such that their velocities may easily fall within our model's range of validity.
In Sec. III A we showed that independent trapped solitons oscillate harmonically. A more general method for deriving the approximate motion of solitons in an external potential of arbitrary form was found by Scharf and Bishop [32] , and is outlined in appendix C for completeness. To combine the effects of the external potential and the soliton collisions, we use the homogeneous solution [Eq. (7)] as an ansatz, so that the solitons are still characterised by the parameters q j and η j . Figure 1 shows this to be a reasonable approximation. The following Hamiltonian:
reproduces the harmonic motion of the solitons, keeping the interpretation of η j as effective masses (see appendix C). We assume that the soliton-soliton interactions are not affected by the introduction of the (relatively loose) harmonic trap and construct the full Hamiltonian by adding in the contributions from the interaction potentials:
FIG. 2: (colour online). Two soliton collision taking place when (a) ∆φ
The parameters of the system are taken to be similar to those of a recent experiment [13] the axial trapping frequency is 10/2π Hz, the radial trap frequency is 800/2π Hz, atomic mass and scattering length of 7 Li, and 5000 particles per soliton). The unit of x is then equal to 3.6 µm, and a unit of t to 1.4 ms.
where N s is the number of solitons. This approach is expected to be valid for regimes when the timescale of the solitonsoliton collisions is much less than the period of the harmonic trap, such that the effects of the harmonic trap are negligible during the collisions. The limits of this approach are further explored in Secs. III B 3 and III B 4.
In the case of two solitons (N s = 2), it is useful to define the following independent coordinates: the centre-of-mass position Q := (η 1 q 1 + η 2 q 2 )/(η 1 + η 2 ) and the relative position q := q 1 − q 2 . The Hamiltonian [Eq. (16)] then takes the form:
where P = p 1 + p 2 is the momentum canonically conjugate to Q, and p = (η 2 p 1 − η 1 p 2 )/(η 1 + η 2 ) the momentum conjugate to q. The Hamiltonian is now clearly seperable into two parts: the centre-of-mass energy E (dependent on P and Q only), and the interaction energy ǫ (dependent on p and q only). There are thus two independent constants of the motion, E and ǫ, as many as there are degrees of freedom. Hence, the particle model for two solitons is integrable and the dynamics must be completely regular [64, 65] . In the case where the solitons have identical effective masses (η 1 = η 2 := η), the Hamiltonian [Eq. (17) ] reduces to Figure 3 shows four Poincaré surfaces of section (or Poincaré sections) for the two particle system; sections of p 1 versus q 1 are shown for different surfaces of different total energy [64, 65] . These Poincaré sections demonstrate the regular behaviour of the integrable two particle system, as all trajectories lie on invariant tori in the phase space of the system. There are two distinct regimes observable in these Poincaré sections. In the lower regions of the sections, the centre-ofmass energy, E, is large and positive; in this case the interaction energy, ǫ, has a large negative contribution from the interaction term, and the solitons interact strongly. It is seen in section III B 3 that in this regime, there is rapid energy exchange between the solitons, such that the soliton with lower amplitude oscillations is driven by the other soliton, which itself becomes damped. In the upper regions of the sections, E is less positive, and hence ǫ is less negative, so the energy exchange between the solitons occurs over a longer time period. figure 5 , the lower to that in figure 6 ; (d) H ≈ 2.2 × 10 −2 , the star corresponds to the trajectory in figure 7 . The figures correspond to regimes where the solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) are comparable to those in recent experiment [13] .
Presentation of results comparing GPE to particle evolutions
In the Poincaré sections of Fig. 3 , we highlighted a number of trajectories in white. These trajectories are plotted in position space as a function of time, overlaying density plots of corresponding 1D GPE solutions, in Figs. 4-7. We do this to test how accurately the particle model represents the GPE dynamics for a range of initial conditions.
In particular, the wave-dynamics involve a phase variable not accounted for in the particle model. As shown in Fig. 2 , the phase difference between the solitons has an observable effect on the solitons' form during collisons, although as the solitons tend asymptotically apart, the solitons' density dynamics are insensitive to this. Two solitons with equal norms in a harmonic trap have the same collisional form for all subsequent collisions; i.e., two solitons initially colliding with a phase difference φ coll , will have this phase difference for all subsequent collisions (see appendix E). This property allows results of GPE simulations with repeated in-phase and π outof-phase collisions to be compared for any trajectory in the two-particle model. Regimes with phase differences between zero and π are not considered here, but will generally be expected to display behaviour intermediate between that of the zero and π cases.
The trajectories displayed in Fig. 4 correspond to the fixed point (marked by a white star) in the Poincaré section of Fig.  3(b) . We observe significantly better agreement between the particle model and the wave dynamics for the in-phase case [ Fig. 4(a) ] than for the out-of-phase case [ Fig. 4(b) ], where an obvious discrepancy between the particle and wave dynamics gradually accumulates. Subsequent collisions consistently occur slightly earlier in the particle model [dynamics induced by the Hamiltonian (18)] than for the solitons propagated by the GPE [Eq. (6)], so that by t = 5000 quite a noticeable shift of the particle dynamics has taken place. For the zero phase case, a similar systematic discrepancy is just observable at large t, in Fig. 4(a) ; however, this discrepancy is very small and not read-FIG. 4: (colour online). Trajectories in the particle model (lines) plotted over density distributions predicted by 1D GPE dynamics, corresponding to the trajectory marked on figure 3(b) . The relative phase of the solitons in the wave dynamics is zero in figure (a) , and π in figure (b). The figures correspond to regimes where the solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) are comparable to those in recent experiment [13] . The unit of x is then equal to 3.6 µm, and a unit of t to 1.4 ms.
ily apparent for most of the evolution. We note that t = 5000 corresponds to 7 seconds using the parameters of Ref. [13] , i.e., substantially longer than most typical experimental time scales. Figure 5 shows trajectories equivalent to those of Fig. 4 , but with an additional centre-of-mass motion. This corresponds to the upper of the two trajectories marked in white in the Poincaré section shown in Fig. 3(c) , where there is gradual energy exchange between the solitons. We see the same discrepancy between particle and wave dynamics as was observed in Fig. 4 . This is to be expected, because, as shown in appendix B, incorporating a centre-of-mass oscillation into a solution of the harmonic GPE simply causes the wave-function's density profile to oscillate, without any further effect on its overall evolution.
The trajectories in Fig. 6 correspond to the lower trajectory illustrated in the Poincaré section of Fig. 3(c) , where there is rapid energy exchange between the solitons. In this regime, good agreement is found in the case of in-phase collisions. For the case of out-of-phase collisions, there is some degree of agreement, but there are obvious discrepancies. Notably, the solitons in the GPE appear to remain a fixed distance apart, whereas the particle trajectories necessarily show repeated collisions.
The dynamics shown in Fig. 7 correspond to the fixed point (marked by a white star) in the Poincaré section of Fig. 3(d) . In this regime, the solitons collide with a significantly faster relative speed than in Figs. 4-6 , and the collision time is accordingly shorter compared to the trap period. In this regime it is clear that the agreement between the particle model and the wave dynamics is much better than in the previous cases (figures 4 to 6), with the relative phase having much less of an observable influence.
Discussion of results comparing GPE to particle evolutions
To explain the observed discrepancies between corresponding particle and wave evolutions, particularly when the solitons collide out-of-phase (see Figs. 4 and 5) , we must consider the assumptions made while composing the effective particle Hamiltonian [Eq. (16) ]. When constructing this Hamiltonian, FIG. 5: (colour online). Trajectories in the particle model (lines) plotted over density distributions predicted by 1D GPE dynamics. The trajectories correspond to those given in figure 4 , but with additional centre-of-mass displacements. The trajectories also correspond to the upper trajectory marked on figure 3(c) . The relative phase of the solitons in the wave dynamics is zero in figure (a) , and π in figure (b). The solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) are comparable to those in recent experiment [13] . The unit of x is then equal to 3.6 µm, and a unit of t to 1.4 ms.
we stated that the collision time should be small compared with the trap period. To characterise the timescale of a collision, it is instructive to consider how rapidly the trajectories in the particle model converge, to those deduced from motion of the soliton peaks in the GPE, after a collision.
We consider again the evolutions depicted in Fig. 2 (a) and 2(b). Figure 8 shows the differences in position between the peak of the left-hand soliton evolved by the GPE, and the corresponding trajectory in the particle model during a collision. As there is no external potential, the particle trajectories are asymptotically exact as t → ±∞. It is clear that, in the case of an in-phase collision, the convergence of the particle and wave trajectories is more rapid than for a π out-of-phase collision.
In a harmonic trap, subsequent to a collision, two solitons can only move a finite distance apart (i.e., not asymptotically far) before moving together and colliding once more. The dynamics of solitons colliding with a π phase difference are therefore not expected to agree as well with the effective particle model dynamics, compared with solitons colliding inphase. This effect builds up over time because the phase difference is preserved for repeated collisions. Figure 8 shows that, in the π out-of-phase case, compared to the particle trajectory, the trajectory of the soliton peak tends to be further away from the point of collision, with the two trajectories converging asymptotically as t tends to a time infinitely before and after the time of collision. Due to the harmonic potential, the particle trajectories consequently start their return to the centre of the trap at points closer to the centre, compared to the π out-of-phase solitons. This explains why subsequent collisions take place earlier for the particle trajectories than predicted by GPE dynamics, as observed in Fig. 4 . For large approach speeds (Fig. 7) , however, the collision time is sufficiently small for both in-phase and out-of-phase cases, such that any discrepancy between the predictions of the GPE and the effective particle model is too small to be observed. Figure 6 represents a regime where the solitons do not separate well between collisions. The particle model might not be expected to apply well to such regimes; nevertheless, reasonably good agreement is observed in Fig. 6(a) , with somewhat less good agreement (as expected) for the π out-of-phase FIG. 6: (colour online). Trajectories in the particle model (lines) plotted over density distributions predicted by 1D GPE dynamics, corresponding to the trajectory marked on figure 3(d) . The relative phase of the solitons in the wave dynamics is zero in figure (a) , and π in figure (b). The solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) are comparable to those in recent experiment [13] . The unit of x is then equal to 3.6 µm, and a unit of t to 1.4 ms.
case shown in Fig. 6(b) . The density distribution of figure 6(b) is essentially a continuous collision of two solitons with a π phase-difference, and has the appearance of two individual wavepackets that never cross. These are expected to be better described by alternative treatments, described by Gordon [22] in the absence of any external potential, and by Gerdjikov et al. [21] in the case of harmonic confinement, or may alternatively be treated by perturbative approaches [24, 25, 26] .
In 3D simulations, collisions of solitons with a π phase difference have been predicted to have some degree of immunity against collapse, as opposed to in-phase collisions [15, 40] . It is clear from the above analysis that systems of two solitons of equal norm will be able to maintain a π phase difference for all repeated collisions for any choice of initial positions and momenta, provided the right initial phase difference is chosen, and thus remain stable. Systems of two solitons with different norms have not been studied here, but are an area for future study; we recall that the particle model is expected to remain valid for regimes of different norms as long as 2|η 1 − η 2 | ≪ |v 1 − v 2 |, as explained in Sec. III B 2.
C. Three solitons
Particle model
Whereas for two solitons, the particle model dynamics are always regular (see Sec. III B 2), in the case of three solitons (N s = 3), the situation is quite different. A useful coordinate system for the three soliton system is to be found in the normal coordinates of the system for small displacements of the particles from the origin: the centre-of-mass position
(corresponding to the "stretch" mode), and
FIG. 7: (colour online). Trajectories in the particle model (lines) plotted over density distributions predicted by 1D GPE dynamics, corresponding to the trajectory marked on figure 3(d) . The relative phase of the solitons in the wave dynamics is zero in figure (a) , and π in figure (b). The solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) are comparable to those in recent experiment [13] . The unit of x is then equal to 3.6 µm, and a unit of t to 1.4 ms.
(corresponding to the "asymmetric stretch"). The stretch modes are similar to those used to describe vibrational dynamics in a tri-atomic molecule [66] ; as the system is constrained to 1D, however, there is no analogue of the molecular bending mode. Using these coordinates, the three-particle Hamiltonian [Eq. (16)] takes the form:
where Zero is indicated by the dotted line. The difference ∆q is equal to the particle trajectory q 1 minus the position of the peak of the left-hand soliton, or equivalently the position of the peak of the right-hand soliton minus the particle trajectory q 2 . (b) Difference between the curves in figure (a) . Note that the separation between the trajectories in the particle model and GPE dynamics is always larger in the π-phase case.
conjugate to the coordinates Z T , z c , and z r , respectively. It is apparent in Eq. (22) that the Hamiltonian, as in the twoparticle case, is decoupled into a centre-of-mass component, and a component describing the stretch modes (which are coupled to each other).
In the case of identical effective masses, the coordinates simplify substantially. It turns out to be convenient to consider slightly different coordinates, however, as this produces a simpler final form for the Hamiltonian describing the stretch mode dynamics. We therefore define Q T = ηZ T = η(q 1 + q 2 + q 3 )/3, q c = ηz c = η(q 1 − q 3 )/2 and q r = ηz r = η(q 1 + q 3 − 2q 2 ). We rescale the time tot = η 2 t, and then introduce the mo-
2 . Using these dynamical variables, the resultant Hamiltonian (the reduced system Hamiltonian), with the centre-of-mass degrees of freedom removed, becomes:
This Hamiltonian, describing the two remaining degrees of freedom, is not separable, and it is necessary to integrate the corresponding Hamilton's equations of motion numerically to analyse the system's behaviour. As they represent a slice through the phase space of a system, Poincaré sections provide a good illustration of regions of regular and chaotic dynamics. In regions of regular behaviour, any trajectory will lie on a torus in phase-space, and will thus trace a closed curve in the Poincaré section; in regions of chaotic behaviour, a trajectory will go through every point in that region of phase space, and thus fill an area on the Poincaré section (a so-called ergodic sea) [64, 65] . We choose to show sections corresponding to the momentum p r and position q r of the "asymmetric stretch" mode when the "stretch" mode coordinate takes the value q c = 0, and when its canonically conjugate momentum p c < 0. Other sections can be expected to be equally illustrative of the qualitative behaviour. Figure 9 shows six Poincaré sections for three different reduced system energiesH. The behaviour is regular at large positive values ofH [ Fig. 9 (a) ], but asH is reduced, chaotic behaviour emerges, characterised by ergodic regions in between regular tori. For small (negative)H the system is mostly an ergodic sea, with islands of stability [ Fig. 9 (c) ]; but asH is made more negative, the chaotic regions begin to subside, and the behaviour becomes increasingly regular again.
Consideration of the form of the reduced-system Hamiltonian [Eq. (23) ] shows that without the interaction the system is integrable, as it becomes a decoupled pair of harmonic oscillators. WhenH is large and positive, the interaction part of the Hamiltonian (which is always negative) should give a relatively small contribution to the Hamiltonian, compared to the integrable part of the Hamiltonian (which is always positive). WhenH is reduced, this is no longer the case, and chaotic dynamics are manifest. However, in regimes where the coordinates and momenta are close to zero, i.e.,H approaches its lower bound of −12, the interaction potential becomes approximately harmonic. The HamiltonianH takes the following seperable form:
i.e., it again describes a pair of decoupled harmonic oscillators. We consequently expect the phase-space structure to be qualitatively similar in the opposing limits ofH very large and positive, andH large and negative. From Figs. 9(a) and 9(f), we do indeed observe this to be the case. Figure 10 shows a comparison of trajectories in the particle model with results from integrations of the 1D GPE [Eq. (6) The section corresponds to the momentum p r and position q r of the "asymmetric stretch" mode when the "stretch" mode coordinates q c = 0, p c < 0. The figures correspond to the regime where the solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and the other parameters (radial trap frequency of 800/2π Hz, atomic species mass and scattering length of 7 Li, and 5000 particles per soliton) correspond to recent experiment [13] .
Comparison with GPE simulations
for the three-soliton system, where the solitons all have equal effective masses. As with the two-soliton case (Sec. III B), the trajectories in the particle model gradually acquire a shift with respect to the trajectories traced out by the GPE wavefunction peaks. In Figs. 10(a) and 10(b) the overall shift indicates that subsequent collisions tend to take place sooner in the particle model than is predicted by the GPE evolution; interestingly, in Fig. 10(c) we observe the opposite, however. As before, these shifts are caused by an accumulation of small errors, due to the fact that within a harmonic confining potential the FIG. 10: (colour online). Trajectories in the particle model (lines) plotted over density distributions predicted by 1D GPE dynamics, corresponding to a regular orbit. The parameters of the system areH=10, the solitons have equal effective masses, the axial trapping frequency is 10/2π Hz, and other parameters (radial trap frequency of 800/2π Hz, atomic mass and scattering length of 7 Li, and 5000 particles per soliton) correspond to the recent experiment [13] . The unit of x is then equal to 2.4 µm, and a unit of t to 0.6 ms.
individual solitons do not move asymptotically far from each other subsequent to collisions. In Fig. 10(c) there is the added complication that two of the solitons appear to have formed a "bound state."
The comparisons illustrate the good agreement between the particle model and the 1D GPE in the regimes in which the particle model is valid, i.e., when solitons are well separated between collisions [ Fig. 10(a) and 10(b) ], even when the motion is chaotic [ Fig. 10(b) ]. When two of the solitons are not well separated [ Fig. 10(c)] , the 1D GPE simulation shows that a "bound state" is formed, which looks like a single "higherorder" soliton with an excited breathing mode [23] . The particle model does not predict well the behaviour within the "bound state", but does give a good prediction of the centreof-mass motion of the "bound state" and its interactions with the other soliton; it is likely that the behaviour of the density of the "bound state" is strongly coupled to the phase behaviour within the "bound state." As in the two soliton case (Sec. III B), errors gradually accumulate in the particle model which lead to an overall "time shift" in the overall collision dynamics. It should be noted, however, that apart from this shift qualitative agreement with the dynamics predicted by the GPE remains quite good right up until limits of our numerical calculations (t = 10000 corresponding to 6 seconds for the experimental parameters in [13] ).
IV. CONCLUSIONS
In this paper we have investigated the soliton-like nature of two and three bright solitary waves in harmonically trapped 1D Bose-Einstein condensates. To this end we employed a model treating each soliton as a classical particle and compared the particle trajectories with simulations of the GrossPitaevskii equation. The results from the particle model and the GPE display good agreement when the solitons collide with large relative velocities, such that the collision time is small with respect to the trap period. When the solitons' relative velocities are reduced, the trajectories in the particle model "get ahead" of those in the GPE simulations, i.e., points on the particle trajectories can be identified with corresponding points in time during the GPE evolutions, but the GPE evolution is increasingly delayed by comparison; this effect is more pronounced when the solitons collide out of phase, and is due to the non-zero time in which the particle trajectories asymptote to the wave trajectories after collisions.
We have shown that, when the external potential is harmonic, for systems of two solitons of equal size, the phase difference between the solitons is preserved for repeated collisions. In these systems, repeated out-of-phase collisions can cause the discrepancy between the dynamics in the particle model and the GPE to build up relatively rapidly. We note that it is in this regime, i.e., solitons colliding π out of phase, that the solitons are predicted to be stable against collapse when 3D effects are considered.
Finally, we have extended the treatment to systems of three harmonically trapped solitons. Using the particle model we have shown that, unlike the two soliton systems, systems of three solitons can display chaotic dynamics. Chaotic regimes rescind when the energy of the particle system (with the centre-of-mass motion neglected) is very positive or very negative. In these limits, the dynamics decouple to those of two separated simple harmonic oscillators. The agreement between the dynamics in the particle model and the GPE simulations is good in both regular and chaotic regimes.
This general result is used twice in this paper; firstly to infer the phase behaviour of a single soliton. Secondly it is used to show that any trajectory of two identical solitons is identical, in its collisional density, to the corresponding symmetrical case in which the solitons repeatedly collide in the centre of the potential. We note in passing that this result holds for any nonlinear Schrödinger equation with the nonlinearity given by some function of |ψ(x)| 2 only. If ψ(x, t) = u(x, t) exp iφ(x, t) is a particular solution to the 1D GPE, where u(x, t) and φ(x, t) are real-valued functions, the following coupled equations describe their behaviour:
Defining the functionsū(x, t) := u(x + x , t) and θ(x, t) := φ(x + x ), where x = x 0 cos(ωt) + (p 0 /ω) sin(ωt), and defining the coordinate ξ = x − x the following relations follow trivially:ū (ξ, t) = u(x, t),
θ(ξ, t) = φ(x, t),
∂u(x, t) ∂x = ∂ū(ξ, t) ∂ξ ,
∂u(x, t) ∂t = −˙ x ∂ū(ξ, t) ∂ξ + ∂ū(ξ, t) ∂t .
Also, the relationship between the partial derivatives of θ(ξ, t) and φ(x, t) is the same as that betweenū(ξ, t) and u(x, t). From now on it is assumed thatū, θ and their derivatives are be functions of ξ and t. Eqs. (B3) and (B4) become: By choosingφ(ξ, t) such that
and 
we can relabel ξ as x, and find thatφ(x, t) andū(x, t) are solutions of Eqs. (B3) and (B4). Hence,ū(x, t) has the profile of u(x, t), but undergoes additional global harmonic oscillations at the trap frequency, and the result is proved.
APPENDIX C: MOTION OF A SINGLE TRAPPED SOLITON
The motion of a single soliton can be derived by adapting the method of Scharf and Bishop [32] where a solution to the homogeneous GPE is used as an ansatz for the GPE with an external potential. This method has the advantage that it can be used with other than harmonic potentials. Here we show that for a harmonic potential it confirms the expected result of simple harmonic motion.
In the 1D GPE, the norm N, and energy E, are conserved quantities. The single soliton solution of the homogeneous case [Eq. (7) with j = 1] is used as an ansatz for the harmonic case. Evaluating the norm and energy functionals with this ansatz yields: 
The conservation of the norm N, leads to η =constant, and the conservation of the energy E, leads to an equation of motion for the peak of the soliton, q:
APPENDIX D: DEDUCTION OF THE INTER-PARTICLE POTENTIAL
In order to deduce an effective inter-particle potential, it is necessary to perform a classical inverse-scattering calculation to find the potential which produces the same asymptotic position-shifts as given in Ref. [5] for solitons emerging from a collision. This proof follows the method given in Ref. [62] .
The position-shifts given in Ref. [5] are equivalent to the asymptotic time-shifts for two solitons of initial speeds v 1 and v 2 , and effective masses η 1 and η 2 , given by
(D1) We wish to produce these shifts in a system of two classical particles described by the Hamiltonian:
where q := q 1 − q 2 is the relative coordinate, µ r := η 1 η 2 /(η 1 + η 2 ) is the reduced effective mass, p = (η 1 p 2 − η 2 p 1 )/(η 1 + η 2 ) is the relative momentum, and the centre of mass has been separated from the problem. For particles initially separated
